Tensile sheets with symmetrically placed cracks on opposite edges are studied using the displacement discontinuity method with crack-tip elements. Three cases are considered: a rectangular sheet, one with half-circle indentations on the cracked edges, and one with notch indentations. Solutions for the stress intensity factors (SIFs) of the three problems are given, revealing the effect of the geometric parameters. By comparing the three cases, one observes that the indentations have a shielding effect.
Introduction
In plates with holes under the action of fatigue loading, crack initiation is most likely at the hole edges due to stress concentration around the hole. Consequently, a number of papers have dealt with hole edge crack problems. Bowie [1956] gave solutions for a circular hole with a single edge crack and a pair of symmetrical edge cracks in a plate under tension. Newman [1971] , using the boundary collocation method, and Murakami [1978] , using the body force method, analyzed the tension problem for an elliptical hole with symmetrical edge cracks. Tweed and Rooke [1973] used the Mellin transform technique to make analyses of biaxial tensions for a branching crack emanating from a circle hole. Isida and Nakamura [1980] made an analysis of a slant crack emanating from an elliptical hole under uniaxial tension and shear at infinity by using the body force method.
Here we consider the related problem of rectangular tensile sheets with symmetric double edge defects, in the shapes illustrated in Figure 1 . In [Yan 2003a ] we proposed a method, based on the displacement Keywords: double edge defects, stress intensity factors, edge crack, half-circular indentation, half-square indentation. Special thanks to the National Natural Science Foundation of China for supporting the present work (grant #10272037).
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XIANGQIAO YAN, BAOLIANG LIU AND ZHAOHUI HU discontinuity method with crack-tip elements, for the analysis of general plane elastic crack problems. It was found in that paper, as well as in subsequent ones such as [Yan 2003b; 2006a; 2006b] , that this method is accurate and effective for analyzing such problems.
We therefore use this method to perform a numerical analysis of the problem involving the shapes in Figure 1 , focusing specifically on the stress intensity factors (SIFs). Murakami [1987] reported the SIFs for the plane elastic crack problems shown in the first two cases (simple crack and crack in semicircle indentation) when the aspect ratio H/W is large (narrow strip); but to our knowledge, detailed solutions to the SIFs for this geometry have not been obtained when H/W is less than 2. The same reference also reports the solutions to the SIFs of cracks emanating from a square hole in infinite plate in tension.
The effect of the geometric parameters of the cracked bodies on the SIFs is discussed for all three cases, and it is found that the half-circle and notch indentations have a shielding effect on the SIFs. The study illustrates the use of the boundary element method, which proves to be simply and accurate for calculating the SIFs of complex crack problems in a finite plate.
Brief description of the boundary element method
We briefly review the method introduced in [Yan 2003a ], which in turn is based on [Crouch and Starfield 1983] . In this latter reference, the displacement discontinuity
defined as the difference in displacement between the two sides of the segment, is used to solve for the displacements, which take on the values
and the stresses, whose values are
In these equations, G is the shear modulus and ν the Poisson's ratio; the functions F 2 through F 7 are described in [Crouch and Starfield 1983] . By using (2) and (3), we gave formulas in [Yan 2003a ] for the left and right crack-tip displacement discontinuity elements. For the left crack-tip, the displacement discontinuity functions are chosen as
where H s and H n are the tangential and normal displacement discontinuities at the center of the element, and a tip is half the length of crack-tip element. Note that the element has the same unknowns as the two-dimensional constant displacement discontinuity element. We have shown that the displacement discontinuity functions in (4) can model the displacement fields around the crack tip. The stress field determined by the displacement discontinuity functions (4) has an r −1/2 singularity around the crack tip.
Based on (2) and (3), the displacements at a point (x, y) due to the left crack-tip displacement discontinuity element can be obtained as
and the stresses as
where the functions B 2 through B 7 are described in [Yan 2003a ].
Implementation of the numerical approach. The objective of many analyses of linear elastic crack problems is to obtain the stress intensity factors K I and K II . Crouch and Starfield [1983] used relations (2) and (3) to set up the constant displacement discontinuity boundary element method. Similarly, we can use (5) and (6) to set up boundary element equations associated with the crack-tip elements. The constant displacement discontinuity element together with the crack-tip elements is combined to form a very effective numerical approach for calculating the SIFs of general plane cracks. In the boundary element implementation, the left or the right crack-tip element is placed locally at the corresponding left or right crack tip on top of the constant displacement discontinuity elements that cover the entire crack surface and the other boundaries. This is called the displacement discontinuity method with crack-tip elements. Based on the displacement field around the crack tip, we can write
Numerical results and discussion
We report here the results of SIF calculations for the plane elastic crack problems of Figure 1 . We start with the simple rectangular plate (left in the figure), taking the following ratios: Regarding discretization, 30 boundary elements with of equal size, a/30, on the right edge crack are discretized and the other boundaries are discretized according to the limitation that all boundary elements have approximately the same length [Yan 2003a ]. The calculated SIFs normalized by σ √ πa are given in Table 1 . For comparison, the table also lists the numerical results reported in [Murakami 1987] , with which our numerical results are in good agreement. Table 1 makes it clear that one must consider the effect of H/W on the SIF:
(1) For a shallow defect (a/W = 0.1) the SIF with a H/W = 0.4 (low aspect ratio) is 16% lager than that when H/W = 2. Table 1 . Normalized SIFs for the rectangular plate in Figure 1 , left. Literature values on the last column, taken from [Murakami 1987 ], refer to a high value of H/W .
(2) As a/W increases, this effect becomes more obvious. For a/W = 0.6, for example, the SIF when H/W = 0.4 is 2.68 times the one when H/W = 2.0. But when H/W is larger than 2 this effect is negligible regardless of the size of a/W , which perhaps is the reason for taking H/W = 2 in calculating the SIFs of crack problems in finite width plates [Newman 1971 ].
Cracks emanating from half-circle indentations. Two sorts of experiments are reported for the geometry shown in Figure 1 , middle. First, we consider a crack that is much larger than the corresponding indentation, to approximate the situation just discussed, where the crack emanates from a straight edge. For example, if we take H/W = 1, a/R = 7, a/W = 0.5, we expect that the effect of the half-circle indentation on the SIFs will be negligible. For the discretization, the number of boundary elements on a quarter-circle is taken as 50 and the other boundaries are discretized according to the limitation that all boundary elements have approximately the same length. The calculated SIF normalized by σ √ πa is 1.3200, which is indeed close to the corresponding value (1.3449) listed in Table 1 .
Secondly, we systematically vary the three relevant ratios to study their effect on the SIF. The following cases are considered: a/R = 1.02, 1.04, 1.06, 1.08, 1.1, 1.15, 1.2, 1.5, 2.0 H/W = 0.5, 0.6, 0.7, 0.8, 0.9, 1.0, 1.5, 2.0 0.3, 0.4, 0.5, 0.6, 0.7 For the discretization, the number of boundary elements on a quarter-circle is chosen according to a/R as follows:
a/R 1.02 1.04 1.06 1.08 1.1 1.15 1.2 1.5 2.0 # elements 250 200 167 175 160 133 100 100 50
The other boundaries are discretized so that all boundary elements have approximately the same length. The calculated SIFs normalized by σ √ πa are given in Table 2 . To study the effect of the half-circle indentations on the SIF, we compare the numbers in Table 2 Table 2 . Normalized SIFs for rectangular plate with semicircle cutout (Figure 1, middle) . 800 XIANGQIAO YAN, BAOLIANG LIU AND ZHAOHUI HU from 1.02 to 2, the SIF increases monotonously regardless of the value of a/W . When a/R reaches 2, the SIF almost equals its asymptotic value in Table 1 . This suggests the following observations:
(1) The half-circle indentations have a shielding effect on the edge cracks.
(2) The closer the depth of the indentations is to the overall defect size (that is, the lower a/R is), the larger the shielding effect.
(3) When a/R is more than 2, meaning that the crack itself is longer than the characteristic size of the indentation, the shielding effect can be neglected.
Cracks emanating from half-square notches. We next turn to the geometry in Figure 1 , right, varying the three relevant ratios to study their effect on the SIF. The following cases are considered: The other boundaries are discretized so that all boundary elements have approximately the same length. The calculated SIFs normalized by σ √ πa are given in Table 3 . As in the previous subsection, we compare these numbers with those on Table 1 , and see that as a/c increases from 1.02 to 2, the SIF increases monotonously regardless of the value of a/W . When a/c reaches 2, the SIF almost equals its asymptotic value in Table 1 . To summarize:
(1) The half-square notches have a shielding effect on the edge cracks.
(2) The closer the notch depth is to the overall defect size (that is, the lower a/c is), the larger the shielding effect.
(3) When a/c is more than 2, meaning that the crack itself is longer than the characteristic size of the notch, the shielding effect can be neglected.
Comparison between effects of half-circle and half-square indentations. We briefly compare the results for the two indented geometries: half-circle indentations versus half-square notches. Figure 2 shows the evolution of the SIF with the size of the indentation relative to the crack size, for both geometries, in two particular cases: when case a/W = 0.2 and H/W = 0.5, and when a/W = 0.5 and H/W = 1.0. We see that the shielding effect of the half-circle indentations is much stronger effect than for the notches, in agreement with the expectation that a geometry with a sharp concave angle is more vulnerable to the stress concentration effect. 
Conclusions
A numerical analysis of double edge defects in rectangular plates in tension (Figure 1 ) was performed, and the stress intensity factors calculated for a variety of values of the geometric parameters. By comparing the calculated SIFs for the three geometries, it was found that the presence of an indentation at the base of the crack has a shielding effect, lowering the SIF. The effect is more pronounced when the indentation is a half-circle than when it is a half-square notch. The shielding effect gradually decreases with the size of the indentation; When the characteristic size (depth) of the indentation is less than the length of the crack proper (that is, the ratio a/R or a/c in Figure 1 exceeds 2), the effect becomes negligible. This study illustrates how the displacement discontinuity method with crack-tip elements can be of value in calculating SIFs for complex crack problems involving a finite plate.
